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Abstract. We show that all finite dimensional pointed Hopf algebras with 
the same diagram in the classification scheme of Andruskiewitsch and Schnei- 
der are cocycle deformations of each other. This is done by giving first a suit- 
able characterization of such Hopf algebras, which allows for the application 
of results by Masuoka about Morita-Takeuchi equivalence and by Schauen- 
burg about Hopf Galois extensions. We also outline a method to describe the 
deforming cocycles involved using the exponential map and its q-analogue. 



0. Introduction 

Finite dimensional pointed Hopf algebras over an algebraically closed field of 
characteristic zero, particularly when the group of points is abelian, have been 
studied quite extensively with various methods in |AS1 IBDGl IGrl IMu] . The most 
far reaching results as yet in this area have been obtained in [AS| , where a large 
class of such Hopf algebras are classified. In the present paper we show, among 
other things, that all Hopf algebras in this class can be obtained by cocycle de- 
formations from Radford biproducts of the form B{V)^kG, where B{V) is the 
Nichols algebra of the Yetter-Drinfeld fcG-module V. 

After Kaplansky's tenth conjecture concerning the finiteness of the set of iso- 
morphism classes of Hopf algebras of a given finite dimension had been refuted, 
a weakened version of that conjecture has been proposed Ma, Di] . namely that 
there are only finitely many quasi-isomorphism classes of Hopf algebras of a given 
(odd) dimension. Two Hopf algebras are said to be quasi-isomorphic if they have 
equivalent comodule categories. In even dimensions the weakened conjecture has 
been disproved in |EG| IGra) . where it is shown that there are infinitely many 
isomorphism classes of Hopf algebras of dimension 32. Our results confirm the 
conjecture for a large class of pointed Hopf algebras of odd dimension. If is a 
Hopf algebra with coradical a Hopf subalgebra then the graded coalgebra gr'^ H 
associated with the coradical filtration is a graded Hopf algebra and its elements 
of positive degree form the radical. If the radical of 7? is a Hopf ideal then the 
graded algebra associated with the radical filtration is a graded Hopf algebra with 
Cor(gr'' //) ~ H/KadH. In either case we have gr H = R^Hq, where Hq is the 
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degree zero part and R is the braided Hopf algebra of coinvariants or invariants, 
respectively. 

The Nichols algebra B{V) of a crossed fcG-module is a connected graded 
braided Hopf algebra. The Radford biproduct H{V) — B{V)^kG is an ordinary 
graded Hopf algebra with coradical kG and the elements of positive degree form a 
Hopf ideal (the graded radical). A lifting of H{V) is a pointed Hopf algebra H for 
which gv'^ H ^ H{V). Such liftings are obtained by deforming the multiplication 
of H{V). The lifting problem for V asks for the classification of all liftings of 
H{V). This problem, together with the characterization of B{V) and H{V), have 
been solved by Andruskiewitsch and Schneider in lAS) for a large class of crossed 
/sG-modules of finite Cartan type. It allows them to classify all finite dimensional 
pointed Hopf algebras A for which the order of the abelian group of points has 
no prime factors < 11. In this paper we find a description of these lifted Hopf 
algebras, which is suitable for the application of a result of Masuoka about Morita- 
Takeuchi equivalence [Maj and of Schauenburg about Hopf Galois extensions [Schj , 
to prove that all liftings of a given H{V) in this class are cocycle deformations of 
each other. As a result we see here that in the class of finite dimensional pointed 
Hopf algebras classified by Andruskiewitsch an Schneider [AS all Hopf algebras 
H with isomorphic associated graded Hopf algebra gr'^ H are monoidally Morita- 
Takeuchi equivalent, and therefore cocycle deformations of each other. For some 
special cases such results have been obtained in |Ma[ IDi[ IBDR] . 

In Section [T] we give a short review of braided spaces, braided Hopf algebras, 
Nichols algebras and bosonization (among other things, we prove Theorem 11.31 in 
which we give a new way of looking at the quantum symmetrizer) . Most of this is 
done in preparation for a useful characterization of the liftings for a large class of 
crossed modules over finite abelian groups in Section [2l With this characterization 
it is then possible in Section[3]to prove that liftings are Morita-Takeuchi equivalent 
(Theorem l3.3p by using Masuoka's pushout construction, and that they are cocycle 
deformations of each other (Corollary 13. 4|) by a result of Schauenburg. Cocycle 
deformations as well as their relation to Hochschild cohomology are discussed in 
Section m See GMl and [Gr2 for a more detailed account of the cohomological 
aspects. In particular, a complete description is given of all relevant cocycles for the 
quantum linear case, where exponential map and its g-analogue play a prominent 
role. In Subsection 14.61 we outline the main ideas of jGM2| . where we, among 
other things, use the exponential map, its g-analogue, and the theory of Singer 
extensions, to explicitly describe the deforming cocycles for all Anruskiewitsch- 
Schneider Hopf algebras. Explicit examples of deforming cocycles are presented in 
Section [5l We recommend to the reader to start by looking at Example 15 . II where 
the theory is illustrated in great detail on the smallest nontrivial example. 

Acknowledgements. We thank A. Masuoka for correcting an error after reading 
an early version [GMl] of a part of this work. The second author is very grateful 
for useful conversations with M. Beattie. 
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1. Braided Hopf algebras and the (bi-)crossproduct 



Our main interest in this paper are pointed Hopf algebras. We also briefly look 
at the dual notion, that is copointed Hopf algebras. Here we review some relevant 
prerequisites and facts. 

1.1. Pointed and copointed Hopf algebras. A Hopf algebra H is pointed if 
its coradical Cor H is equal to the group algebra of the group of points G{H). In 
this case the coradical filtration is an ascending Hopf algebra filtration and the 
associated graded Hopf algebra gr'^ H has the obvious injection Kf^ : kG — > gr*^ H 
and projection tt"^ : gr"^ H kG such that tt'^k'^ = 1. 

We say that H is copointed if its radical Rad is a Hopf ideal and i?/Rad H 
is a group algebra kG. Here the radical filtration is an descending Hopf algebra 
filtration and again the associated graded Hopf algebra gr'' H has the obvious 
projection tt'" : gr'' H kG and an injection : kG gr*" H such that tt^k^ — 1. 

In both cases above gr H is graded, pointed and copointed, and by |Ra] gv H = 
A^kG, where A = {x ^ H\ {ir (g) l)A(x) = 1 (g) x} is the graded connected braided 
Hopf algebra of coinvariants. 

Lemma 1.1. // the Hopf algebra H is pointed and copointed then Cot H = 
H/KSidH and H is a Hopf algebra with a projection. Moreover, R^kG ^ H, 
where R — {x gr H\ {p >S> l)A{x) ~ 1 >S> x} is the connected braided Hopf algebra 
of coinvariants of H . This is the case in particular for gr'' H and for gr'' H when 
H is pointed or copointed, respectively. 

Proof. A surjective coalgebra map rj: G ~^ D, where D = Cor{D), maps CorC 
onto CorD fMo'. Thus, the composite Cor H — > — ^ H/KadH is a bijection. 



1.2. Braidings. A braided monoidal category V is a monoidal category together 
with a natural morphism c: V ^ W (l^V such that 

(1) Cfe,y = r = Cv^k, 

(2) cuig,v,w = icu,w 1)(1 <8) cv,w), 

(3) cu,v(giw = (1 cu,w){cu,v ® 1), 



Braided algebras, braided coalgebras and braided Hopf algebras are now defined 
with this tensor product and braiding in mind. The compatibility condition Am = 
(m(8)TO)(l®c(8'l)(A(g)A) between multiplication and comultiplication in a braided 
Hopf algebra A involves the braiding c: A(S^ A —i' A^ A, so that the diagram 




□ 



(4) c(/®5) = (3®/)c. 



A(gA 



(li8)c®l)(A®A) 



■> A® A® A^ A 



m 




A 



A 



A(gA 
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commutes, i.e. multiplication and unit are morphisms of braided coalgebras or, 
equivalently, comultiplication and counit are maps of braided algebras. 

In the present paper V is a category of braided vector spaces, where the braidings 
c: V (^V ^ V (i)V are of finite abelian group type, so that c: V ®V ^ V (SiV is 
of diagonal type. 

1.3. Primitives and indecomposables. The vector space of primitives 

P{A) = {y eA\ A{y) = 2/01 + 10 y}^ ker(A) : A/k^ A/k ®A/k 

of a braided Hopf algebra A is a braided vector space, since A is a map in V. The 
c-bracket map [— , —]c = m(l (E)l — c):A(E)A^A restricted to P{A) satisfies 
A[x, y]c = [x, y]c (® 1 + {I ~ c^)x ®y + \®[x, y\c; in particular [x, y]c € PiA) if 
and only c^{x ® y) — x ® y. Moreover, if a; G P{A) and c(x ® x) — qx ® x then 
Ax" = y],, I (?) x^ ® x^ , where (") = . i are the g-binomial coefficients 

(the Gauss polynomials) for q, m^! — lq2q...mq with jq — 1 + q + ... + if j > 
and Og! = 1. li q = \ then jq = j and we have the ordinary binomial coefficients, 
otherwise jq — ^j-^- In particular, if q has order n then (")^ =0 for < i < n, 
and hence x" £ -P(^)- 

Lemma 1.2. Let {xi} be a basis of P{A) such that c{xi ® Xj) = qjiXj ® Xi. If 
QjiQijQii"^ — 1 then adx[(xj) is primitive. 

Proof. See for example jASH Appendix 1]. □ 
The vector space of indecomposables 



where J A = ker(e), is a braided vector space as well. The c-cobracket map dc = 
(1 (g) 1 - c) A : A ^ A(S) A restricts to J A, since 



QiA) = JA/JA^ 



cok{rh: JA^JA^ J A), 




and hence 




is in J A (g) J A for every a ~ a — e{a) G J A. Moreover, 



5{ab) - (a & - c^(a b)) 



is in JA^ JA + JA® JA^. In particular, if c^(a ® 6) = a (g) 6, then 5{a 6) S 
JA^ ®JA + JA® JA^. 
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1.4. The free and the cofree graded braided Hopf algebras. The forgetful 
functor U ; Alg^ — >■ Vc has a left-adjoint A: Vc ^ Alg^ and the forgetful functor 
U : Coalgg Vc has a right- adjoint C: Vc ^ Coalg^, the free braided graded alge- 
bra functor and the cofree graded braided coalgebra functor, respectively. More- 
over, there is a natural transformation S: A ^ C, the shuffle map or quantum 
symmetrizer. They can be described as follows. 

If (y, /X, (5) is a braided vector space then the tensor powers To{V) = k, 
Tn+i(V) = V(S)Tn(y) arc braided vector spaces as well and so is T{V) — (BnTn{V). 
The ordinary tensor algebra structure makes T{V) the free connected graded 
braided algebra, and the ordinary tensor coalgebra structure makes it the cofree 
connected graded braided coalgebra. 

By the universal property of the graded braided tensor algebra T(V") the linear 
mapAi =incldiag: V ^ T{V)(g)T{V), Ai{v) = w 01 + induces the c-shuffle 
comultiplication A_4 : T{V) — > T{V) ® T(V"), which is a homomorphism of braided 
algebras, so that A^m = (m(g)m)(l (g) c® 1)(A^(8) A^). Moreover, the linear map 
Si: y — )• T{V), si{v) — —V, extends uniquely to a c-antipode Sj\: T{V) — > T{V), 
such that s^m — to(s^ (8) Syt)c, A^s^ = c(s^ (g) .s_4)A^ and to(1 (3 s^)A^ = ie = 
m{s^ (g) 1)A^, thus making A{V) = {T{V), m, A^, sa) the free connected graded 
braided Hopf algebra. This defines a functor A: Vc — > Hopfc, left-adjoint to the 
space of primitives functor P: Hopfc Vc- 

On the other hand, by the universal property of the cofree connected graded 
braided coalgebra T{V) there is a unique c-shuffle multiplication mc : T{V) (8) 
T{V) — >■ T{V), which is the homomorphism of braided coalgcbras induced by the 
linear map mi = -|-proj: T{V) ® T{V) -^> V, so that Amc = {nic ® mc){l ® 
c (g) 1)(A (g) A). The linear map si — — proj: T{V) — )• V induces uniquely a c- 
antipode sc : T{V) — >■ T{V), such that scmc = mc{sc ® sc)c, Asc = c(sc ® ■sc)A 
and mc(l ® se)A = le = mc{se ® 1)A, making C{V) = {T{V),A,mc,sc) the 
cofree connected graded braided Hopf algebra. The functor C: Vc ^ Hopfc is 
right-adjoint to the space of indecomposables functor Q: Hopfc Vc- 

Theorem 1.3. There is a natural transformation 

S: A^C, 

the quantum symmetrizer, such that 

B{V) ^ A{V)/kcr{S) ^ imS C C{V) 

is the Nichols algebra of V and QB{V) = V = PB{V). In particular, the Hopf 
ideal of A{V) generated by the primitives of degree >2 is contained in ker»S. 

Proof. The adjunctions just described provide natural isomorphisms 
VciQAiV),W) ^ HopfciA{V),C{W)) - VciV,PCiW)). 
By construction we also have 

QA{V) , PC{W), 
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The resulting natural isomorphism 

9v,w: Ve{V,W) ^ Hopf,{A{V),C{W)) 

sends the identity morphism of V to the quantum symmetrizer 

S = ev,v{lv)-- A{V) -^CiV). 

The image of S is the Nichols algebra 

B{V) ^ ^(V^)/kcr(>S) ^ im<S C C{V) 

and QB{V) = V = PBiV). Moreover, since <S is graded, it follows that S{y) 
for every primitive y G A{V) of degree > 2. 



= 

□ 



An explicit description of the quantum symmetrizer can be obtained directly in 
term of the action of the braid groups B„ on the tensor powers F®". 

1.5. Crossed modules. A prime example of a braided monoidal category is the 
category of crossed i?-modules YD^ for a Hopf algebra H. A crossed i?-module 
or a Yetter-Drinfeld if-module, (V, is a vector space V with a if-module 

structure ^i: H ® V ^ V , fi{h ® v) = hv, and a iJ-comodule structure S: V ^ 
H^V, 6{v) — v-i (>~)vo, such that hS{v) — hiv^i ®h2VQ — (/iiw)-i/i2 ® (^iw)o, or 



(m(X)/i)(l®T®l)(A (g)(5) 
i.e such that the diagram 



(m ® 1)(1 (g) r)((5/x ® 1)(1 (g t)(A (g 1), 



(l®r)(A(gil)| 

H®V®H 



A®5 



H ^ H ^ H 



(m®l)(l(8)T) 



7? g)^ 



commutes. This is the case in particular when 5{hv) = h\V-xs{hz) <g> /i2f0) i-e: 
when the diagram 



(li8i<;ii8il)(Ai8i5) 

H®V - — - — 4 H ®H ®H ®V 



V 



H(g)V 
5 rA)r: if 



commutes, where ^ = {m ® 1)(1 (g s (g 1)(1 (g rA)r: H ® H ^ H ® H, (i){g ® 
h) = /is (52) <8> 51. These braided i?-modules with the obvious homomorphisms 
form a braided monoidal category, with the ordinary tensor product of vector 
spaces together with diagonal action and diagonal coaction. The braiding, given 
by c{v i^w) = V-i{w) (g) vo, 

c= (/i(g) 1)(1 (gT)(5(g 1): V igiW <SiV, 
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clearly satisfies the braiding conditions. The crossed i/-module {k,fi~e(E>l,S = 
t (8> 1) acts as a unit for the tensor. Moreover, (i?, adj,A) and (iJ, m, coadj) are 
crossed iJ-modules, where adj(/i (8) h') = hih' S{h2) and coadj(ft,) = hiS{h3) (3 /12. 

If _ff = kG for some finite abelian group and V is finite dimensional, then the 
action of G is diagonalizable, so that 

where V/ = 1/g n l/'^ with Vg = {v e V\S{v) = g i^i v} and = {v e V\gv = 
xi9)v,y9eG}. 

1.6. The pushout construction for bi-cross products. Recall Masuoka's 
pushout construction for Hopf algebras jMaj . |Grj . If A is a Hopf algebra then 
Alg(A, k) is a group under convolution which acts on A by conjugation as Hopf 
algebra automorphisms. 

Lemma 1.4. For every Hopf algebra A the group A\g{A,k) acts on A by 'conju- 
gation' as Hopf algebra automorphisms 

p: A\g{A,k)^AutHopf{Ar, 

where = / * 1 * fs, i.e: Pf{x) = f{xi)x2f{sx^). The image of p is a normal 
subgroup of Aut Hopf (^) • 

Proof. It is easy to verify that pf is an Hopf algebra map. The definition of p 
shows that pf^^f^ = (/i * /a) * 1 * (/2s * fis) = Pf^Pfi and, since f*fs^e^fs*f, 
it follows that PfPfs = 1 = PfsPf, so that pf is a Hopf algebra automorphism. If 
(j) £ AntHopf{A) and / G Alg{A, k) then cji^^pfcj) = /0 * 1 * fscj) = pj^, hence the 
image of p is a normal subgroup. □ 

Two Hopf ideals / and J oi A are said to be conjugate ii J = pf{I) — f * I * fs 
for some / G Alg(A, k). If x G Pi g is a (1, (7)-primitive then 

Pf{x) = fix) + f{g)x + f{g)gfs{x) - f{g)x + f{x){g - 1). 

Theorem 1.5. [Mai Theorem 2] |BDR1 Theorem 3.4] Let A' be a Hopf subalgebra 
of A. If the Hopf ideals I and J of A' are conjugate and A/{f * /) 7^ then the 
quotient Hopf algebras A/ (/) and A/ (J) by the Hopf ideals in A generated by I and 
J are monoidally Morita-Takeuchi equivalent, i.e: there exists a k-linear monoidal 
equivalence between their (left) comodule categories. 

Proof. Masuoka's resuh |Ma| Theorem 2], that there is a A/( J))-biGalois 

object, namely * /), holds , provided that A/{f * /) ^ f [BDR] . Theorem 

3.4), and we can invoke |Schl CoroUary 5.7], to see that A/{I) and A/{J) are 
Morita-Takeuchi equivalent. □ 
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Observe, as Masuoka did [Ma, , that the commutative square 

A' > A 

1 1 

B/I > A/{I) 

is a pushout of Hopf algebras. 

If i? is a braided Hopf algebra in the braided category of crossed -ff-modules 
then the bi-cross product R^I^H is an ordinary Hopf algebra with multiplication 

= xhi{x')#h2h' 

and comultiplication 

A(a;#/i) ^ xi#{x2)-ihi (a;2)o#/i2- 

The (left) action oi H on R induces a (right) action on Alg(i?, k) by fh{x) — f{hx). 
An algebra map /: i? ^> fc is i?-invariant if fh = e{h)f for all h E H. 

Proposition 1.6. Let K he a Hopf algebra in the braided category of crossed 
H -modules and let A\gjj[K,k) he the set of H -invariant algebra maps. Then: 

(1) K[gu{K,k) is a group under convolution. 

(2) The restriction map res: h Alg^(_ft'#_ff, k) Alg^(_ft', k), Tes{F) = F(g)L, 
is an isomorphism of groups with inverse given hy Tea^^{f) — f ® £. 

(3) The image of the conjugation homomorphism 

e = pres-i : Alg^(i^, k) ^ AntHopfiK^HyP 

is contained in Ant op f{K^H) = |0 G AniHopf{K^H) \ — id}. 

Proof. The set of algebra maps A\g{K^ k) may not be a group, but since the 
coequalizer = coeq{fj., e ® 1: H ® K — i> K) is an ordinary Hopf algebra, 
A\gfj{K,k) = A\g{K^ ,k) is a group under convolution. More directly, if /, /' £ 
Alg^(i^,fc) then 

f*f'ixy) = f®f'ixi{x2)-m(^{x2)oy2) = f{xi)f'{yi)fix2)f'{y2) 
= {f * n{x){f * f'){y) 

f*f'{hx) - f®f{hiXl®h2X2)^f{hlXi)f'{h2X2)=e{h){f*f'){x), 

and f*fs = e = fs*f, so that A\gj^{K, k) is closed under convolution multipli- 
cation and inversion. 

For F e HAlgfj{K^H, k) the map res(F): if —> A; is in fact a i/-invariant 
algebra map, since 

Tes{F){hx) = F(/ia;®l) = F((l®/ii)(a;®l)(l®s(/i3)) 

= e{h)F{x(S)l) = e{h)Tes{F){x) 

and 

ies{F){xy) = F{xy (g) 1) = F{x ® l)F{y ® 1) = res(i^)(a;) res(F)(y). 
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If F' A\gH (K if H, k) as well, then 

ies{F F'){x) = «) (sz)-! (a;2)o «> 1) 

= F{xi ® l)F'{x2 ® 1) = res(F) * Yes{F'){x), 

showing that res is a group homomorphisni. It is now easy to see that res is 
invertible and that the inverse is as stated. 

As a composite of two group homomorphisms is obviously a group homomor- 
phism. Moreover, 

e(/)(l (g>h) = rcs-\f) * 1 * res-i(/)s(l /i) = e{hi){l ® /i2)£(/i3) = l(E>h 

for / e A\gfj{K, k), showing that 'd{f)\H = id. □ 

Corollary 1.7. Let R be a braided Hopf algebra in the braided category of crossed 
H -modules and let K be a braided Hopf subalgebra. If I is a Hopf ideal in K and 
f G Alg^(/-ir, k) then, 

• J ~ I4fH and Jf — Q{f){J) are Hopf ideals in KjfH, 

• RifH/{J) — R/{I)ifH and R=ffH/(Jf) are monoidally Morita-Takeuchi 
equivalent, if (i?#i?)/(res-i(/) *J)^0. 

2. Liftings over finite abelian groups 

In this section we give a somewhat different characterization of the class of finite 
dimensional pointed Hopf algebras classified in |ASj , and show that any two such 
Hopf algebras with isomorphic associated graded Hopf algebras are monoidally 
Morita-Takeuchi equivalent, and therefore cocycle deformations of each other, as 
we will point out in the next section. 

A datum of finite Cartan type 

V = 1) (G, {gi)i<i<9, {aij)i<i,j<e) 

for a (finite) abelian group G consists of elements gi G G, Xj G G and a Cartan 
matrix {aij) of finite type satisfying the Cartan condition 

<1^3<lj^ = 'hi' 

with qu ^ 1, where Qij = XjiQi)! in particular q"'^ — gjj' for all 1 < i,j < 9. In 
general, the matrix (qij) of a diagram of Cartan type is not symmetric, but by 
[AS[ Lemma 1.2] it can be reduced to the symmetric case by twisting. 

Let Z[/] be the free abelian group of rank 9 with basis {ai, 02, ■ ■ ■ , ae}. The 
Weyl group W C Aut(Z[/]) of {aij) is generated by the reflections Si : Z[I] — >• Z[/], 
where Si{aj) — aj —aijUi for all i,j. The root system of the Cartan matrix (atj) is 

$ = uf^^Wiai) and $+ = $ n Z[I] = | a G $| a = X^Li n■^a^,ni > o| is the set 

of positive roots relative to the basis of simple roots {ai, q;2, • • • , ctg}. Obviously, 
the number of positive roots p = \^~^\ is at least 9. The maps Z[/] — > G 
and x-m^G given by = 5^52^ ■ • -5^ and Xo = Xi'xT ■ --Xe" for a = 
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"•i'^ij respectively, are group homomorphisms. The bilinear map q: Z[/] x 
Z[J] — ?■ defined by ga-a^ = qij can be expressed as qap — X^ida)- 

If X the set of connected components of the Dynkin diagram of $ let $ j be the 
root system of the component J e A". The partition of the Dynkin diagram into 
connected components corresponds to an equivalence relation on / = {1, 2, . . . , 9}, 
where i ~ j if and Uj are in the same connected component. 

Lemma 2.1. [AS, Lemma 2.3] Suppose that V is a connected datum of finite 
Cartan type, i.e: the Dynkin diagram of the Cartan matrix (aij) is connected, and 
such that 

(1) qu has odd order, and 

(2) the order of qu is prime to 3, if {oij) is of type G2. 

Then there are integers di S {1, 2, 3} for 1 < i < and a q ^ k^ of odd order N 
such that 

qu — q • d^aij — djCLji 
for I < i, j < 0. If the Cartan matrix {aij) of V is of type G2 then the order of q 
is prime to 3. In particular, the qu all have the same order in k^ , namely N. 

More generally, let D be a datum of finite Cartan type in which the order Ni 
of qu is odd for all i, and the order of qu is prime to 3 for all i in a connected 
component of type G2- It then follows that the order function Ni is constant, say 
equal to Nj, on each connected component J. A datum satisfying these conditions 
will be called special datum of finite Cartan type. 

Fix a reduced decomposition of the longest element 

Wq = Si^S^^ . . . Sip 

of the Weyl group W in terms of the simple reflections. Then 

{siiSi^ . . . Sii_-^ (Q^ii)}j_]^ 

is a convex ordering of the positive roots. 

Let V = V{T>) be the crossed fcG-module with basis {xi,X2, ■ ■ ■ ,xe}, where 
Xi e Vg^' for 1 < i < 6*. Then for all 1 < i ^ j < the elements ad^~°'^^ Xi{xj) 
are primitive in the free braided Hopf algebra A{V) (see Lemma 11.11 or [ASH 
Appendix 1]). If P is as in the previous Lemma then Xi "'^Xi This implies 
that f{uij) — for any braided (Hopf) subalgebra A of A{V) containing Uij = 
ad^^""*^ Xi(xj) and any G-invariant algebra map f : A ^ k. Define root vectors in 
.A(l^) as follows by iterated braided commutators of the elements xi,X2, ■ ■ ■ ,X0, 
as in Lusztig's case but with the general braiding: 

xpi — Ti-^Ti^ . . .Ti^_-^{xi^), 

where Ti{xj) = ad~°'^ (xj) 

In the quotient Hopf algebra R{V) = A{V)/{ad'^-'''^Xi{xj)\l < i j < 0) de- 
fine root vectors Xa & A{V) for a £ $+ by the same iterated braided commutators 
of the elements xi,X2, ■ ■ ■ ,xe as in Lusztig's case but with respect to the general 
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braiding. (See |AS2j . and the inductive definition of root vectors in [Rij or also 
[CP| Section 8.1 and Appendix].) Let KiV) be the subalgebra of R{T>) generated 
by {x^la e $+}. 

Theorem 2.2. [AS| Theorem 2.6] Let T> he a connected datum of finite Cartan 
type as in the previous Lemma. Then 

(1) I xj^^xj^^ . . . x^'' Oi, 02, . . . , Op > o| forms a basis of R(V), 

(2) K{T>) is a braided H op f subalgebra of R{'D) with basis 

f Nai Na2 Nap ^ „\ 

\ ^/3i ^/32 ■ ■ • ^/3p ai, 02, . . . , Op > 0| , 

(3) [xa,x'^]c = 0, i.e: XaX^ = q^^^x^ Xa for all a, l3 e ^+ . 

The vector space V = can also be viewed as a crossed module 

z f/l 

in "^^^ Hopf algebra A{V), the quotient Hopf algebra R{'D) = 

A(y) / {ad^'"-^^ Xi{xj)\l < i ^ j < 0) and its Hopf subalgebra K{V) generated 
by {a^Q I a G $"'"} are all Hopf algebras in zj/ji^f - In particular, their comultipli- 
cations are Z[/]-graded. By construction, for a £ <i>+, the root vector Xa G R{T^) 
is Z[/]-homogeneous of Z[/]-degree a, so that Xa S R{T^)g^- To simplify notation 
write for 1 < ^ < p and for a =^ (oi, 02, . . . , Op) G 

u N N N 

hi = , m = , zi = xp^ 

and o = YJi=i f^iPi 

h" = hl'h^^ ...h'^" eG , 7]" = j]^'t]^/ . . . 77°" e G , = z^'z^" ...z^" e K{V). 
In particular, for e; = {Ski)i<k<p, where 6ki is the Kronecker symbol, C; = /?; and 
z"^' = z; for 1 < / < p. The height of a = X]i=i "1*^2 ^ defined to be the 

integer ht{a) — X]i=i Observe that if a,b,c £ and o = 6 + c then 

/i'' = , 7]" r^^yy'^ and ht(b) < ht(a) if c 7^ 0. 
The comultiplication on K{T)) is Z[/]-graded, so that 



^K(V) (z") = z" ® 1 + 1 ® z" + 2^ Cz^ 

and hence 



AK(i5)#fcG(^") = z"(^l + /i"®z'^+ ^ Cz'-Zi^^z^ 

6,c^0;6+c— fi 

on the bosonization. The algebra K{T>) is generated by the subspace L{T>) with 
basis {zi, Z2, . . . , Zp}. The (left) /cG-module structure on A{V) restricts to L{V), 
and induces (right) fcG-actions on Alg(if (2?), k) and on Vect(L(2?), k) by the for- 
mula [f g){x) — f{gx). A linear functional /: L{'D) — fc is called (7-invariant if 
fg = f for all g £ G. Let VectG{L{T>), k) be the subspace of G-invariant linear 
functionals in Vect{L{V) , k) . 
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Proposition 2.3. LetYeciG{L{T>) and A\gQ{K (V) , k) be the space of G -invariant 
linear functional and the set of G -invariant algebra maps, where V is a connected 
special datum of finite Cartan type. Then: 

(1) YectG{L{V),k) = {/ G Vect(L(2?), A)| /(z,) - if r/i ^ e}. 

(2) The restriction map res: Algg.(i^(P), fc) Yect Q{L(T>),k) is a bisection. 
The inverse is given by Yes-^{f){z^) = f{ziY^)f{z2Y^ . . ./(zp)"" . 

(3) Algg. (iir(P), fc) is a group under convolution. 

(4) The restriction map res: GAlg(5(J'^(2?)#fcG, fc) k\gQ{K{V),k) is an 
isomorphism of groups with inverse defined by res~^{f){x ® g) — f{x), 

and G k\ga{K{V)#kG, fc) = { / G A\g{K{V)#kG, k) | = e] . 

(5) The map 8 = pres-^ : Algg (i4r(D), fc) ^ Ant Hopf {K{V)#kG)°P , defined 
by Q{f) = res^^(/) * 1 >i=res~^(/)s, is a group homomorphism whose image 
is a subgroup in 

A^iHopf{K{V)#kG) = { / G kniHopf{K{V)#kG)\ f^^a = id) . 

(6) For every f G A{gQ{K {T)) , k) the automorphism Q{f) of K{T))ffkG is 
determined by 

e(/K = z" + /(z'^)(i-n+ E C/(^V 

b,c^O,b-\-c—a 



z''+f{z')ii-h')+ E 0(^v 

d,e^O\d+e=b 



h^fsiz"). 



In particular, Q{f)z'' = z"^ + /(z")(l - /i'') i/M(a) = 1. 

Proo/. If / G VectG(i(P),fc) then f{z,) = /(gz,) = ^l^{g)f{zi) for all 1 < ^ < p 
and for all g G. Thus, /(z^) = if 77^ 7^ e. 
By Theorem [221 it follows that 

K{V) = TL{V)/{z,Zj - r]j{h,)zjz,\l <i<j<p). 

If / G Vcct G{L{'D),k) then the induced algebra map /: TL{V) k factors 
uniquely through K{T>), since 

/(zjZj - T]j{h^)zjZ^) = f{zi)f{zj) ~ ■qj{hi)f{zj)f{z{) = f{z^){f{zj) - f(hiZj)) = 

for 1 < i, j < p, by the fact that / is G-invariant. This proves the second assertion. 
The next three assertions are a special case of 11.61 

The set of all algebra maps Alg(i^ (D), k) may not be a group under convolution, 
but the subset A\gQ{K {V) , k) is. If /i, /2 and / are G-invariant then 

fi*f2{xy) = {fi® f2){m®m){\® c®l){xi® X2®yi®y2) 
= ifi ® /2)(a;i(x2)-i2/i (8) (a;2)o2/2 
= /i(2:i)e((a;2)-i)/i(2/i)/2((a;2)o)/2(y2) 

= fl{xi)fl{yi)f2{x2)f2{y2) = /l * f2{x)fl * /2(y) 
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and moreover, {fi*f2)g = fi9*f2g = /i*/2, fsg = fgs = fs, e*/ = / = /*£ and 
f*fs = e = fs*f so that AlgQ{K{T>) is closed under convolution multiplication 
and inversion. 

The map*: AlgG{K{V),k) ^ A\g{K{V)#kG,k) given by *(/)(a;(g)5) = /(cc), 
is a homomorphism, since 

**(/2)(a;0 5f) = *(/i)<8)*(/2)(a;i(g)(a;2)-i5<8)(a;2)o<8)5) 

= /i(a:i)e((a;2)-i)/2((a:2)o) 

= fiixi)f2{x2) = h* f2{x) 

= ^ifi* .f2)ix(E>g). 

The inverse : g ^"^gciK {V)#kG , k) AlgG{K(V), k), given by \E'-i(/)(x) = 
/(x ® 1), is just the restriction map. 

It is convenient to use the notation ^'(/) = /. Then ©(/) = / * 1 * /s and 

©(/l * /2) = /l * /2 * 1 * /l * /2S 

= (A * A) * 1 * (/2S * /is) 

= ©(/2)e(/i). 

In particular, ©(/)e(/s) = ©(/s * /) = ©(e) = ! = ©(/* fs) = ©(/s)©(/). 
Moreover, 

Q{f){xy) = f{xiyi)x2y2fs{xsys) 

= f{xi)fiyi)x2y2fs{y3)fs{x3) 

= f{xi)x2fs{x3)f{yi)y2fs{y3) 
= Q{f){x)e{f){y) 

and 

A©(/) = A(/*l*/s) 

= A(/® 1®/s)A(2) 

= (/(8)1(^1(8)/s)A(3) 

= (/(8)l(g)£(g)l(8)/s)A(*' 

= (/<8)l(S)/s0/(8)l(g)/s)A(5^ 

= (/*l*/s(g)/*l* /s)A 

= (©(/)0©(/))A, 

showing that ©(/) is an automorphism of K{T>)^kG with inverse ©(/s). 
The remaining item now follows from the formula for the comultiplication 

A(^'*) = 2" (g) 1 + /i" ® + ^bcZ^'h'' ® z" 
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of K{T>)^kG, which implies 

A(2)(2'^) z" (g) 1(E) 1 + (E) (E) 1 + tlc^^h" E) E> I + h'' E) h" E) 
+ J2 Kc [z'^h" E) h'' E) z'' + h" E) z^h" E> z^ + tliz''h^+'' E) z^h" E> z" . 

and 

1 * = z° + h^siz") + J2ticz''h''s{z'') = eiz") = 0. 
Applying = / to the latter gives 

fiz^) + /5(z") + ^ ttJ{z')fsiz^) = 0, 
which will be used in the following evaluation. Now compute 

e{f){z^) = f{z'^) + z'^ + Y,ttj{z')z^ + hys{z-) 
= z- + fiz'^)ii-h^) + Y^tuiA^'- 

+ E ^bci^' + - + E t'ri.f{znz%'fs{zn 

to get the required result. □ 

For any / e AlgQ{K {T>) , k) define by induction on ht{a) the following elements 
in the augmentation ideal of kG 

Uaif)^f{znil-hn+ E C/(^'K(/), 

where Ua{f) — f{z°-){l — h"") if ht{a) — 1. In particular, for a positive root 
a — Pi £ $^ and — x^^ = z-' write = (/) — Ua{f)- We can think of 

/ = {f{x^)\a G $+) as root vector parameters in the sense of [AS) . 

Corollary 2.4. Let D be a special connected datum of finite Cartan type. Then 

u{VJ)^R{V)#kG/{x^ + uM)) 

are the liftings of B{V)f^kG = u{V^£). 

Proof. The augmentation ideal of K{'D), the ideal / of K{V)ff^kG and the ideal 
(/) in R{'D)^kG generated by { a;^| a G are Hopf ideals. It follows from the 
inductive formulas for 0(/)(z°) and Ua(f) above that for every / G AlgQ(_Rr(X'), k) 
the ideals // = e(/)(/) in K{V)#kG and (//) in R{V)#kG generated by 
{x^ +Ua{f)\a e $+} are Hopf ideals as well. The Hopf algebras u{V,f) = 
R{V)#kG/{e{f){I)) are the liftings of u{V,e) = B{V)#kG parameterized by 
f^ifix^\ae^+)eA\gaiKiV),k). □ 
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In the not necessarily connected case of a special datum of finite Car- 
tan type the elements ad^^""'^ Xi{xj) are still primitive in A{V) and = 
A{V) / {ad^~"''^ Xi{xj)\i ~ j) is still a Hopf algebra, which contains R{Vj) for 
every connected component J € X. The Hopf subalgebra K{V) generated by the 
subspace with basis S = {z"j'^Zij \ J ^ X,i j}, where = [xi^Xj]c, contains 
K{T>j) for every J ^ X. The comultiplication in the components K{T>j) and 
K{Vj)^kG is of course given as before in the connected case, while for i ^ j 

A(zjj) = 1 + 1 (g) Zij 

in K(V) and R{V) and 

A{zij) = Zij ®1+ gigj (g) Zij 

in the bozonizations K{'D)^kG and R{T>)^kG. The space of G-invariant linear 
functionals YectG{L{'D), k) consists of the elements / G Vcct(L(2?), fc) such that 

f{zr) = if ^ £ for 1 < r < p and /(z^) = if XiXj £ if « 7^ j- 

The induced algebra map /: TL{'D) k oi such a linear functional satisfies 

• l{[Zr, Zs]c) = f{Zr){f{Zs) " f{hrZs)) = 0, 

• /([%■, Zr]c) = fiz,j){f{Zr) - f{9i9]Zr) = 0, 

• f{[Ztj,ZlJ\c) = f(zij){f{zhn) - fi9t9jZlm)) = 0, 

since / is G-invariant. It therefore factors through K{T>), since 

It follows that the restriction maps 

res: a P^\gG{K{V)4kG,k) Mga{K{V),k) ^YcctG{L{V),k) 

are bijective, and / — {f{zij)\i 7^ j} U {/(z^)] 1 < r < p} can be interpreted as 
a combination of linking parameters and root vector parameters in the sense of 
[SS] . Then map 

6: A\ga{K{V),k) ^ AutHop/(ifp)#fcG)°f 

given by = / * 1 * /s is a homomorphism of groups. Moreover, since Zy -I- 

9i9js{zij) — m(l (g) s)A(zij) = in K{'D)^kG, it follows that 

©(/)(%■) = (/ S5 1 ® /s)A(2)(z,,) = z,, + /(z,,)(l - .9,3,) 

when i while Of{zr) is given inductively as in 12.31 In this way one obtains 
therefore all the 'liftings' of B{V)i^kG for special data of finite Cartan type. 

Theorem 2.5. Let V be a special datum of finite Cartan type. Then 

u{V, /) = R(V)i^kG/(x^- + uM), [x^,x,l + /(z,,)(l - 9,9j)\a G z 7^ j) 

for f G YeciG{LiT>),k) are the liftings of B{V)ifkG — u{'D,e). Moreover, all these 
liftings are monoidally Morita-Takeuchi equivalent. 
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Proof. Clearly, u{T>, f) is a lifting of B{V)ifkG for the root vector parameters 
{Ha = fixa")] a G ^~^} and the linking parameters { \ij — f{[xi, Xj]c)\ i 7^ j}. By 
[AS] all liftings of B{V)^kG are of that form. To proof the last assertion use 11.51 
with H = kG, K = KV, f G Alg(.{K,k). Then the ideal / = (x^^ , [x,, a;j]c|a £ 
7^ j) and J = 6(./)(/) = + [0;^, Xj]c + - gigj)\a G 

$+, i j) of K^kG are conjugate. Bv ll.Sl the quotient Hopf algebras u{'D, e) and 
u{'D, f) of R{V)^kG are monoidally Morita-Takeuchi equivalent. The additional 
condition (i?#fcG)/(res-i(/) * {I#kG)) ^ is verified in f pal] . Appendix). □ 

3. Main Results 

In this section we describe liftings of special crossed modules V over finite 
abehan groups in terms of cocycle deformations of B{V)4t'kG. 

A normalized 2-cocycle a: A ® A ^ k om & Hopf algebra A is a convolution 
invertible linear map such that 

[e ®a) * cr(l (X) m) = (cr (g) e) * o-(m ® 1) 

and cr(t (g) 1) = £ = (t(1 ® l). The deformed multiplication 

mcr = (T * TO * (T^"'" : ^ (g) A — > A 

and antipode 

Sa — <y * s * <7^^ : A ^ A 
on A, together with the original unit, counit and comultiplication define a new 
Hopf algebra structure on H which we denote by A„ . 

Theorem 3.1. [Schl Corollary 5.9] // two Hopf algebras A and A' are cocycle 
deformations of each other, then they are monoidally Morita- Takeuchi equivalent. 
The converse is true if A and A' are finite dimensional. 

Suppose now that y is a crossed fcG-module of special finite Cartan type, A{V) 
the free braided algebra and A{V)^kG its bosonization. If / is the ideal of A{V) 
generated by the subset 

S = { adi-°-^x,(xj)| i ^ j} U {x^^la e ^+} U {[x,,Xjl\i ^ ]} 

then A{V)/I — B{V) is the Nichols algebra. The subalgcbra K of A{V) generated 
by 5 is a Hopf subalgebra [M], ICB Proposition 9.2.1]. Then K#kG is the Hopf 
subalgebra of A{V)^kG generated by S and G. 

Lemma 3.2. The infective group homomorphism 

0: Alga{K,k)^A\g{K#kG,k) 

given by <j)[f){xft^g) = f{x) has image 

G AlgciKffkG, fc) = { / e Alg(X#fcG, k)\ f^a = e} 

and 

adj : AlgciK, k) ^ Aut(-ft:#fcG)°f 
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has its image in the subgroup 

Aut{K#kG) = { / G knt{K#kG)\ f\kG = e] ■ 

Moreover, ifV is of special finite Cartan type then f{ad^^'^^^Xi{xj)) = fori ^ j 
and for every f G AlgQ{K, k). 

Proof. If / e k\g{K#kG,k) then f{ad^'''^'x,{xj)) = f{g ■ ad^^"^^ x,{xj)g-^) = 
X^{9f-''^^xA9l /(^^) = f{9<-g-') = X^-{g)f{x^) and f{[x,,x,],) = 
f{g[xi,Xj]cg ^) = x^{g)xj{a)!^^^^^]\c), so that f{g ■ ad^ °*^a;^(a;j)) = if 
xl~"''Xi ^ 0, /(x^) = if x^ ^ e and fi[x,,x,],) = if x.X, ^ e. □ 

The theorem above can now be applied to the situation in Section [3] to show 
that all 'liftings' of a crossed /cG-module of special finite Cartan type are cocycle 
deformations of each other. The special case of quantum linear spaces has been 
studied by Masuoka |Ma| . and that of a crossed fcG-module corresponding to a 
finite number of copies of type An by Didt [Di] . 

Theorem 3.3. Let G be a finite abelian group, V a crossed kG-module of special 
finite Cartan type, B{V) its Nichols algebra with bosonization A = B{y)^kG. 
Then: 

(1) All liftings of A are monoidally Morita-Takeuchi equivalent, i.e: their co- 
module categories are monoidally equivalent, or equivalently, 

(2) all liftings of A are cocycle deformations of each other. 

Proof. Theorem 12.51 at the end the last section says that B{V)fj^kG = u{V,£) = 
R{V)#kG/{I) for a Hopf ideal / in the Hopf subalgebra K{V)#kG of R{V)#kG, 
that its liftings are of the form u{V,f) = R{V)^kG / {I f) for a conjugate Hopf 
ideal //, where / G A\gQ{K{V,k),k) = a Alg(.{K{V)4fkG, k), and that they are 
all Morita-Takeuchi equivalent. Thus, Schauenburg's result applies, so that all 
these liftings are cocycle deformations of each other. □ 

Corollary 3.4. Let H be a finite dimensional pointed Hopf algebra with abelian 
group of points G{H) = G and assume that the order of G has no prime divisors 
< 11. Then: 

• H and gi^{H) are Morita Takeuchi equivalent, or equivalently, 

• H is a cocycle deformation of gv^{H). 

• There are only finitely many quasi- isomorphism classes of such Hopf al- 
gebras in any given dimension. 

Proof. Under the present assumptions the Classification Theorem [AS] asserts that 
gr^{H) = B{V)fj^kG for a crossed fcG-module V of special finite Cartan type, and 
hence the Theorem 13.31 applies. Moreover, there are only finitely many isomor- 
phism classes of Hopf algebras of the form B{V)ft^kG in any given dimension. □ 
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4. About the deforming cocycles 

oo 

4.1. Deforming cocycles and their infinitesimal parts. Let A = An be 

n=l 

a N-graded Hopf algebra (here N = {0, 1,2.. .}, and An denotes the homogeneous 
component of A of degree n). Let a : A ^ A —> k he a normalized 2-cocycle as 
discussed at the beginning of Section [3l Throughout the Section we additionally 
assume that 

(t\Ao^Ao = S- 

We decompose a = X^J^o va^o the (locally finite) sum of homogeneous maps 
Gi od degree —i; more precisely 

ai = A® A-^ ^ Ap® Aq = {A® A)i k. 

p+q=i 

Note that due to our assumption <7\ao(SAo = £ we have 

(To = £• 

In this fashion we also decompose cr^^ — J^'jLo Vj^ that is rjj's are homogeneous 

maps uniquely determined by ciiijj — Si,o for £ = 1,2... and automatically 

i+j=i 

also satisfy rjiO-j — Se,o. Note that rjo — e and that for the least positive 

i+j=i 

integer s for which ct^ ^ we have rjs = —as- 
The cocycle condition 

(e ® cr(t)) * cr(i)(l ® m) = {a{t) ® e) * a{t){m ® 1) 

implies that 

(e ® (Ti) * (Tj(l (g) m) = ^ (o-j ® e) * crj(TO (g) 1) 

i+j=e 

for all > 1. In particular, if s is the least positive integer for which Us ^ 0, then 
e ® as + cFs{l ® m) — (Is ® £ + as{m® 1) 

so that 

as'. A® A k 

is a Hochschild 2-cocycle. We call this Hochschild 2-cocycle as the graded infini- 
tesimal part of cr. 
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4.2. Relationship with formal graded deformations. The cocycle deforma- 
tion Aa is a filtered bialgebra with the underlying filtration inherited from the 
grading on A, i.e., the £-th filtered part is {Aa)(e) = ®i=o^*- Note that the 
associated graded bialgebra GrA^ can be identified with A. It was observed by 
Du,Chen, and Ye |DCYj that decomposing the multiplication TOq- — a * m * a^^ 
into the sum of homogeneous components of degree — i, allows us to identify 
the filtered fc-linear structure A^ with a fc[i]-linear structure : 
induced by m^|A®yi = to + toi^ + TO2^^ + ■ • • (here we assume that the degree of t is 
1). If A* : -J> A^\ (g) A^\ is the fc[t]-linear map induced by A*|^ = A, then the 
graded Hopf algebra A\t\a = m^, A*) is a formal graded deformation of A in 
the sense of Du, Chen, and Ye jPCY] (see also |GS1 IMW) ). Note that in case m 
does not commute with the graded infinitesimal part cr^ of cr, then (tos,0), where 
ms = as * m — m * as, is the infinitesimal part of the formal graded deformation 
(and is a 2-cocycle in the graded version of the truncated Gerstenhaber-Schack 
bialgebra cohomology) . 



4.3. Exponential Map. It is in general very hard to give explicit examples of 
multiplicative cocycles. One somewhat accessible family consists of bicharacters. 
Below we give another idea which can sometimes be used. 

Note that ii A — (B^^gAn is a graded bialgebra, and / ; A — fc is a linear map 
such that f\Ao — 0, then 



oo j.^^ 



1=0 



is a well defined convolution invertible map with convolution inverse e . When 
f : A ® A k is a. Hochschild cocycle (more precisely, we have e{a)f{b,c) + 
f{a, be) = f{a, b)e{c) + f{ab, c) and for ah a,b,ce A) such that /Uo^o+Ao^a = 0, 
then 'often' e-^ : A ^ A ^ k will be a multiplicative cocycle. For instance this 
happens whenever /(l®m) and /(m® 1) commute (with respect to the convolution 
product) with e ® f and / ® £, respectively. Also note that if / * / = 0, then 
ef ^e + f. 

Lemma 4.1. If f : A ® A k is a Hochschild 2-cocycle such that /(I (8) m) 
commutes with e® f and f(rn® 1) commutes with f ®e in the convolution algebra 
HouYk{A®A(!S)A, k), then e^ is a (multiplicative) 2-cocycle with graded infinitesimal 
part equal to f . 

Proof. Since / is a Hochschild 2-cocycle we have e® f -\- f{l®m) = f ®e-\- f{m®l). 
Note that e"^®^ = e ® e^ and e^^"^ = e^ ® e. Since m is a coalgebra map we also 
have e-''^™®^) = (m®!) and e-^^^**™) = {l®m). Also recall that for commuting 
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gandh we have e^+'' = * e'*. Hence we have 

(e(8)e^) * (e^(l«)m)) = ^''^f ^ ^fa^rn) 



^ ge®/+/(l®m) 
^ g/®e+/(m®l) 



= (e-^ (g) e) * (e-''(m (g) 1)) . 

□ 

4.4. Exponential map in a quantum linear space. In the rest we will study 
u{'D, /) where the Dynkin diagram associated to "D is of type Ai x . . . x Ai. We 
study the linking and root-vector parts of / separately and use notation m(2?, /) = 
u{'D,X,n), where fj, — {fJ.a)ae<s>+ — {f{^a''))aG<s>+ (root-vector parameters), and 
A = (Aij)i<i<j<0 = {f{[xi,Xj]c))i<i<j<9 (linking parameters). 

From now on assume that A = u{'D, 0, 0) is obtained as the bosonization of a 
quantum linear space. More precisely, 

A = B{V)=ffkG = (^G,xi,...,X0\gXi^ Xi{9)xig,XiXj = X]i.9i)xjX.i,xf' = 0^ . 

Here V — (B^^ikxi, and xii-'-iXe € G, gi,...,gg S G are such that 
Xii9j)Xj{9i) = 1 foi' * 7^ Jj ^-iid the number Ni is the order of Xii9i)- Recall 
that Qij — Xi{93)i ^J^d let — {SijYj^i ^^^r 1 < * < where (5^^ is the Kronecker 
symbol. Then A® A k, given by 



^.'''(g), if a = OiCi, 6 = fejCi, + h = Ni 
0, otherwise 



.1 ... xS" and g" (see for example jMW| ) is a Hochschild 

cocycle. Moreover, each of the sets 

and 

Sr = {{Q® e), C.(m (g) 1)1 1 < z < 61} 

is a commutative set (for the convolution product). We sketch the proof for Si 
(the proof for Sr is symmetric). The maps Qi{l®m) and ^^(Icgm) commute since 
Ci and Cj" do. The same goes for £ (g) Ci and £ g) ^j. Hence it is sufficient to prove 
that for all i, j we have 

{e ® 0) * (0(1 ® "^)) = (0(1 ® m)) * [e ® d). 

If 2 7^ j, this is immediate. For i — j note that both left and right hand side can 
be nonzero only at PBW elements of the form x^f (g x^g ® x\h G A® A® A, with 
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r + s + p = 2Ni. Without loss of generality assume that f — g — h = \. In this 
case the left hand side evaluates to 



u „.. \v 



s\ (P\ q<P~^)^i 



and the right hand side is 



E (,,) C) = 

u+v=Ni 



Thus we have the following. 

Proposition 4.2. If ( = /^iCi; (where Q 's are as above), then A® A —i' k 
is a Hochschild 2-cocycle, and a = e'' is a multiplicative cocycle. The associated 
cocycle deformation is a lifting of A with presentation 

A„ = u{V,0,fi) 

= (^G,xi,.. .,X9\gx^ = Xt{9)x^g,x^Xj = X3{9r)xjXt,x^' = - .gf')^ . 

Proof. Note that for 1 < i < j < we have {xi (S> Xj — Xj {9i)xj ^ Xi) = and 
mA„{xf^^) — ^i{l~g^"). Hence A is a quotient of u (2?, 0, /i). Since the dimensions 
of Ac and u{'D, 0, /i) are the same we conclude that Ag- = u{'D, 0, /i). □ 

4.5. q-exponential map. Here we use the ideas and results on q-exponential 
maps of Sarah Witherspoon [W] in order to address the linking cocycles. The sec- 
ond author thought of this idea in a conversation with Margaret Beattie about the 
papers [GMlj and jABMj . The first author obtained a similar idea independently 
and earlier through cohomological considerations [Gr2 . 

If g is a root of 1 and x is an element of any algebra B, then we can define a 
g-exponential function as follows. 

Definition 4.3. If £ > 2 and q is a primitive £-th root of unity then expg(a;) = 

Y^^^-l 1 

We will need the following nice addition formula proved in |W) . 

Lemma 4.4 ([W]). If £ > 2, q is a primitive £-th root of unity, yx = qxy, and 
^.lyf-i _ Q jgj, i = 0, . . . ,£j then exp^{x + y) = exp^{x) exp^(y). 

From now on assume, as in the subsection above, that A is a bosonization of a 
quantum linear space. Extend the characters Xi to all of A by letting 

Xi{xg) = e{x)xi{g) 

for any PBW-element x G A. Define skew-derivations di: A ^ k hy setting 

di{{xjg) = 6ij, 
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SO that = Xi ® Xi sind dim — di ® e + Xi ® di- Consider the hnear maps 

Vj.i = dj * Xi® di'. A® A k. 
for which we have the following result. 

Remark 4.5. Ifi,j are linkable roots (i.e., XiXj — 9igj 1; Xi{9j)Xj{9i) — 
1 ), then rjjj — dj *Xi'®>di is a Hochschild cocycle. More precisely, it is the 2-cocycle 
on A associated to the cup products of the Hochschild l-cocycles dj, di on A; for 
more details see [GMll lITWl fMPSW| . 

We will now show that expg(77j i) is a multiplicative cocycle (the q-exponential 
is defined with respect to the convolution product in [A® A)* = A* ® A*). 

Theorem 4.6. Ifi,j are linkable roots, q — Xi{9j): '^'"^d rij^: A (E) A ^ k is as 
above, then a := expq(r\j,i) : A® A ^ k is a multiplicative cocycle. 

Proof. We need to prove that 

{e ® a) * a{id ®)m) — {cr ®) e) * a{m (g) id). 

First note that e ®) a = exp^{e (g rjj^i), a ® e — cxp^{r]j^i g) e), (T(idg)m) = 
exp^(77j i(id (gm)), and cr(m g) id) = exp^(?7j i(m g) id)). The (/-exponentials here 
are defined in the convolution algebra {A g) A)* . Observe that for r G {i,j} we 
have drTa — AA'dr = dr (E) e + Xr ^ dr and that Xr-m = ^A'Xr — Xr ^ Xr- Hence 
we have e g) r]j,i = £<®dj*Xt® di, ?7j,i(id g)m) — dj*Xt®di®e + dj *Xi®Xt® di, 
r]j^i (S)e = dj *Xi®>di(® £, and r?j,i(m ® id) = dj * Xi® Xi® di + e (® dj *Xi® d^. If 
a = e®dj *Xi®di, b = dj*Xi®di®e, c = dj*Xi®Xi®di then an easy calculation 
shows that a * b = b * a, c * a = qa * c, c * b = qb * c, and a* * c^^' = = 6** c^^* 
for i = 0, . . . , £. By Lemma 4.4 it now follows that 

(e g) cr) * (T(id (gm) = expq(a) * exp^(6 -I- c) 
= exp^ (a) * exp^ (5) * exp^ (c) 
= exp^ (6) * exp^ (a) * exp^ (c) 
= exp^ (6) * exp^ (a + c) 
= (cr (g e) * cr(m g) id) 

as required. □ 

Lemma 4.7. If {i,j) and (s,t) are disjoint pairs of linkable roots, then rjj^i and 
r]sj commute, and thus also exp^.^g.-j{rijj) and exp^^^g^-^{rit^s) commute. 

Proof. It follows directly from the fact that 

Xi{9t)xt{9i)Xj{9s)Xs{9]) = 1- 



□ 
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Let Go = js^'* /3 e $+,X^^ = £,9p^ 7^ l}- Let P' be the datum obtained 
from T) by replacing G by G' — G/Gq. It is well know [AS that elements of 
Go are central in u(T>, A, /i) for all A and /i. Abbreviate the ideal in u{T), 0, /i) 
generated by (fcGo)^ and note that u{T>,0, fi) / = u{V',0,0). We will use tt^ to 
denote the canonical projection tt^ : u{'D, 0, /i) — ?> 0, = u{V' , 0, 0). 

Proposition 4.8. Let X be a linking datum for T) (and hence also for T>'). Let 
ax: u{V,0,0) u(X'',0,0) k be the multiplicative cocycle from Lemma \4. 7[ 
Then a\_f^ := a\ o (tt^ (g) tt^) : u(X', 0, ^) ® u{'D, 0, fi) ~¥ k is a multiplicative cocycle 
and u{T>, 0, /i)cr;^ ^ = u{T>, A, /i) . 



Proof. Proof is almost identical to the proof of Proposition 14.21 Let B = 
w(2?, 0, /i)o-j ^ ■ Note that for 1 < i < j < we have msixi® xj — Xj {9i)^j ®Xi) = 
Xi j{l — gigj) and tob (2;f ) — fJ.i{l ~ gf^). Hence B = w(2?, 0, /i)^;^ ^ is a quotient 
of ^4 = u{'D, A, Since the dimensions of A and S are the same we conclude that 

We can now explicitly describe all deforming cocycles for the quantum linear 
space. 

Theorem 4.9. Let a := cr^./j * e^f^^^^. Then a is a multiplicative cocycle and 
w(2),0,0)^ = u{V,X,^i). 

Proof. Follows from Propositions 14.81 and 14.21 □ 



4.6. Remarks regarding the general case. The q-exponential map idea de- 
scribed above can be adjusted |GM2] to the general case (liftings of bosonizations of 
Nichols algebras of finite Cartan type) and one can thus obtain the explicit descrip- 
tion of the cocycles deforming u{'D, 0, /i) to u{'D, X, /i). In other words Proposition 
I4.8l extends to liftings of bosonizations of all Nichols algebras of finite Cartan type. 
The procedure is almost the same as the procedure for a quantum linear space. 
The only subtle point is to a carefully order the linkable roots in such a way that 
all (/-exponentials involved commute (replacing exp^{diXj 'S>dj) by exp^{djXi ^^i) 
when necessary) . The same idea also works to explicitly describe the cocycles 
that deform the 'big' quantum groups, that is deforming U{T>,0) to 11(1), A). 

Recently we have also been able to adapt our exponential map ideas to explic- 
itly describe cocycles deforming u{T>, 0, 0) to u{T>, 0, fj.) for a much larger class of 
Andruskiewitsch-Schneider Hopf algebras. We are preparing this work as a sepa- 
rate publication jGM2) . There we also explain how all of the root vector cocycles 
can be obtained from Singer cocycles. We briefly describe this below: Let Go be 
the subgroup of G generated by those gf^ for which fii ^ and let A — kGo. Note 
that A is a central Hopf subalgebra of i? = u{T>,0,^) and that the 'quotient' is 
G = ?i(2?',0,0). We thus get a Singer extension (also called cleft extension) |Si] 

A B ^ C. Let a : G (8) G A be the algebra part of the associated Singer cocy- 
cle (it can be computed explicitly; see below). Then for any character 0: Go — >■ fc 
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we get a multiplicative cocycle a' ~ 4)oa: C ®C k. This cocycle naturally lifts 
from C — u{'D', 0, 0) to u{T>, 0, 0) and the cocycle twist with the above multiplica- 
tive cocycle yields u(T>,0, fi'), where the datum ^' is the appropriately re-scaled 
datum /i (depending on the choice of the character cf)) . 

How to get a explicitly [Anl |By| : Let B ^ A denote the section of i that 
sends PBW-elements from Go to themselves and is e on all other PBW-elements. 
As ^ is a unit and counit preserving ^-module map we can define a C-comodule 
map X- C* — ?• S by xtt = {i o (_^^) * id. Map a : C (g) C — > A is then given by 
a{x,y) — x{xi)x{yi)x^^{x2y2) (the range falls into the C-coinvariant part of B, 
which is i{A)). 

Combining the linking cocycles obtained by the g-exponential formula with the 
root-vector cocycles obtained from Singer cocycles then describes explicitly all 
deforming cocycles for all of the Andruskiewitsch-Schneider Hopf algebras. 

5. Examples 

The following examples of explicit description of deforming cocycles of liftings 
of various quantum linear spaces illustrate the ideas and discussion above. The 
first (and simplest) example is worked out in a lot of detail, implicitly repeating 
many of the more general constructions above. This was originally done by the 
authors in order to better understand the lifting process and gain insight into 
the structure of liftings. We hope that the reader will similarly benefit from the 
experience. 

Example 5.1. Let G = {g) be a cyclic group of order Np and let V = kx he a. 
1-dimensional crossed G-module with action and coaction given by gx = qx for a 
primitive iV-th root of unity q and 5{x) — g (E)x. The braiding c: V ®V ^ V 
is then determined by c{x ^ x) = qx (E) x. The braided Hopf algebra A{V) is 
the polynomial algebra k[x] with comultiplication A(a;*) — X]r+s=i (r)^'^'^ ® 
which x^ is primitive. The braided Hopf algebra C(y) = k{x) is the divided power 
Hopf algebra with basis {xi\i > 0}, comultiplication A{xi) = J2r+s=i 

and 

multiplication XiXj — ('"["-') ^Xi+j. The quantum symmetrizer S: A{V) C{V) is 
given by 5(a;*) = S{xY = iq\x,. The Nichols algebra of V is B(l^) = A{V)/{x^) ^ 
im S and the Hopf algebra 

A ^ B{V)#kG 

= {x, g\x^ = 0, g^P = l,gx = qxg, A{x) =x(g>l + g(E)x, A(g) = g ® g) 

is coradically graded. 

The linear functional C,: A® A ^ k oi degree —TV, defined by 

is a Hochschild cocycle with = 0, and satisfying 

C(m 1) * (C «) e) = C(l ®m)*[e® Q). 
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It follows that 

is a convolution invertible multiplicative cocycle. In terms of the dual basis of A* 
it can be expressed as 

0<r,s<N 



r+s=N 



where 
of A is 



The corresponding cocycle deformation of the multiplication 



— 1 (2) 

rria ^ {a ® m ® a )A^^^ = m+(C<8)m-m(g) C)Aa«>a, 
since {C.^m® C,)5a®a = (it is of degree —2N). Using 

u^v—k 



r+s—i 

and invoking the identity |Ka) 



r I \u J 



x^'g"^^ (g) x'^g'"^'- (g) x^g^ x" g^ 



E 



s{k — v) 



i + k 



/Na + 
V 



1 



q \ / q 

when i + k — Na + /3, the following explicit formula for ma- can be deduced: 

niaix'-g^ ®x^g^) = q^^x'^'^g^^^ 

U'\~v—k 



E 

r+s— z 



= q- 



x'+'' + ax^ 



(E 

s+v=P 



' q \ / q 



- E 

= q^'' [x'+'' + ax^{l - 5^")] g^+\ 

where i + k — Na + (3 with a = 0, 1. 

The linear dual V* — fc^, S^{x) = 1, is a crossed module over the character 
group G = (9), 6{g) = a a primitive iVp-th root of unity and a^ — q, with action 
S*{0 (g, ^) ^ ^ a^ and coaction = ® ^, where (j) = Qp. The graded 

braided Hopf algebra A{V*) = fc[^] ^ C{V)* is the graded polynomial algebra 
with comultiplication A(^') = J2r+s=i {Dq^^ ^^^^ primitive. The 

cofree graded braided Hopf algebra C{V*) = k = A{V)* is the divided power 
Hopf algebra with basis > 0}, comultiplication A(^j) = '^r+s=i^r ^ £,s and 



multiplication ^i^. 



^i+j. The quantum symmctrizer 5 : A{V*) C{V*) is 
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given by 5(f) = iq\^^. The Nichols algebra of V* is B{y*) = A{V*)/{£,^) ^ unS 
and the Hopf algebra 

A* = B{V*)#kG 

= ( f 0| = 0, O^P = e,9i = a^e, A(0 =^^e + (j)^^, A(0) = 9^6) 

is radically graded. 

The invertible element a* : k A* >g) A* with cr*(l) = cr = e (g) e + 
I]r+s=n o-rsS,'^4>'' ® S,'' = E ® E + C,, with o^s = , IS the cocycle above rep- 
resented in terms of the basis of A* . Observe that C is of degree n and — 0. 
The resulting cocycle deformation of the comultiplication 

= "'-aIa (o- «) a ® (j-i) = A + m^55^(C (8) A - A (g) C) = 5o + (5„, 

(2) 

where m^j^^^Q® lS.®C,) = is used, is compatible with the original multiplication. 
Since A(6l)C = a^CA(6'), it follows that 

A<,(6i') ^9'® 6' + {I- a^')C{9' ® 9'). 

Using the identity a^-i + s_i = a„ ^ one finds that CA(C) — A(^)C, so that 
A<,(0 = A(Oand 

A,{C9^) = A{C)A49^). 
The deformed Hopf algebra has the presentation 

A- = {^, 9\ A„(0 = A(0, A,{9)=9<E>9 + {1- a^)C(0 <E> 9)) 
with the original multiplication and radical filtration, so that gr^ A'^ = A* . 

Example 5.2 (cf. [ABM] ). This is a 2-variable analogue of the example above. 
Let G = (g) be the cyclic group of order mn and q a primitive m-th root of 
unity. Consider the 2-dimensional crossed G module V ~ kxi © kx2 with action 
gxi = g'-^^'' Xi and coaction 5{xi) — g®Xi. The braiding map c: V ®V V ®V 
is then c{xi ® Xj) = q^~^^^ Xj Cg) Xi. 

The bosonization of the Nichols algebra is then 

A = BiV)#kG = {g,xi,X2\g""' = l,xT = 0,a;™ = 0,X2Xi = qxiX2) 

with comultiplication A{g) = g <E) g and A{xi) = Xi (E) 1 + g <E) Xi. Note that it is 
coradically graded. 

The linear functionals Q: A® A ^ k of degree — m, given by 

Q{x{^xi-g^®xfxfg^') = ^j.+j^™<5,.+,+,;^,,o9^-'^'''^- 

are commuting Hochschild cocycles and the cocycle deformation associated to 
the multiplicative cocycle 17^1,^2 — e'^^''^'^'^^''^ = e + /^iCi + M2C2 + M1M2C1C2 has 
presentation 

^a^i,^2 = (5,a;i,X2|<?"" = 1,< = =M2(l-5'"),2:2a;i ^ qxiX2) ■ 
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Moreover, if di: A ^ k are skew-derivations given by 

10; otherwise 10; otherwise 

then a = cfx-^^^h^ = exp^(Ad2X ® <^i) * '^ij.i,h2 is a multipUcative cocycle and A„ 
has presentation 

(g, ari, a;2| 5"" = l,xT = m(l - 5"), = M2(l - 5™), a;2a;i - qxiX2 = A(l - g^)) . 
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